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Various Symbolic Man ipu la t ion  Programs have been t e s t e d  t o  check t h e  
f u n c t i o n i n g  o f  t h e i r  commands and s u i t a b i l i t y  under var ious opera t ing  
systems. Support serv ices  f o r  SMP have been found t o  be r e l a t i v e l y  b e t t e r  
than t h e  one f o r  MACSYMA. 
as expected under U N I X  opera t ing  system. 
f u n c t i o n  as descr ibed i n  manuals. 
The graphics f a c i l i t i e s  f o r  MACSYMA does no t  work 
Not a l l  t h e  commands f o r  MACSYMA 
Shape representa t ion  has been a c e n t r a l  i ssue  i n  computer graphics and 
computer-aided design. 
dependent, d e s i r a b l e  p r o p e r t i e s  l i k e  c o n t i n u i t y  t o  c e r t a i n  order ,  symmetry, 
Aside f rom appearance, t h e r e  are o the r  a p p l i c a t i o n  
ax i  s-independence and v a r i  a t ion-d imin i  sh ing  p roper i  tes .  Several shape 
representa t ions  are  s tud ied,  which inc lude t h e  Osculatory  Method, a 
Piecewise Cubic Polynomial Method using two d i f f e r e n t  s lope estimates, 
Piecewise Cubic Hermite Form, a method by Harry McLaughlin, and a Piecewise 
Bezier Method. They are  app i e d  t o  c o l l e c t e d  phys ica l  and chemical data. 
R e l a t i v e  m e r i t s  and demerits o f  these methods and examined. 
Kinematics o f  a s i n g l e  ink,  non-d iss ipa t ive  r o b o t  arm i s  s tud ied  us ing  
NACSYMA. Lagranian i s  set-up and Lagrange's equations are der ived.  From 
there,  Hami l ton ian equations o f  motion are  obtained. 
b i f u r c a t i o n  o f  s o l u t i o n s  can occur, depending upon t h e  va lue  o f  a s i n g l e  
parameter. Using t h e  c h a r a c t e r i s t i c  f u n c t i o n  W ,  Hamilton-Jacobi equat ion i s  
der ived.  
Equations suggest t h a t  
It i s  shown t h a t  H-J equation can be so lved i n  c losed form. 
A n a l y t i c a l  s o l u t i o n s  t o  H-J equation a re  obta ined.  
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I. INTRGLUCTION 
Th is  p r o j e c t  s t a r t e d  i n  August, 1983 and ended i n  December, 1986. 
August, 1983 ti l l August, 1986; 3 r .  S h a n t i l a l  Shah was t h e  P r i n c i p a l  
I n v e s t i g a t o r .  D r .  Shah l e f t  Hampton U n i v e r s i t y  i n  September, 1986. D r .  
Alkesh Punjabi was P r i n c i p a l  I nves t i ga to r  f rom September, 1986 t o  December, 
1986. D r .  John Wiggs, D r .  Maria Lam and D r .  Alkesh Punjabi have been 
From 
Associate I n v e s t i g a t o r s  i n  t h i s  p r o j e c t  f o r  va ry ing  dura t ions .  D r .  John 
M i  ggs i s no more w i t h  Hampton Un ive rs i t y .  
Hampton U n i v e r s i t y  has benef i ted  by t h i s  p r o j e c t  i n  a number o f  ways. 
A number o f  s tudents  1 ea rn t  how t o  use symbolic manipul a t i o n  programs 1 i ke 
MACSYMA, SMP, NUMATH and others.  These students were b lack  m i n o r i t y  
students. 
programs and t h e i r  a p p l i c a t i o n  t o  problems w i l l  d e f i n i t e l y  he lp  these 
The working knowledge and experience o f  symbolic manipulat ion 
s tudents when they  en te r  t h e  market p lace f o r  job .  
The f a c u l t y  members who were invo lved i n  t h e  p r o j e c t  have a l so  . 
benef i ted .  They were ab le  t o  l e a r n  and use one o f  t h e  most impor tant  t o o l s  
i n  modern mathematical and phys ica l  sciences research. It i s  genera l l y  
accepted t h a t  symbolic man ipu la t ion  programs are  such a t o o l .  
helped t h e  f a c u l t y  i n  c a r r y i n g  ou t  research us ing  MACSYMA and SFIIP. 
Th is  p r o j e c t  
Th is  p r o j e c t  has a l so  been he lp fu l  t o  t h e  r e c e n t l y  s t a r t e d  graduate 
program i n  Appl ied Mathematics by way o f  t h e  graduate research 
ass i s tan tsh ips  made a v a i l a b l e  t o  graduate s tudents i n  t h i s  program. The 
work done under t h i s  p r o j e c t  may be the  d i s s e r t a t i o n  m a t e r i a l  f o r  one 
candidate f o r  M.S. i n  Appl ied Mathematics. 
sof tware made a v a i l a b l e  t o  Hampton Un ive rs i t y  under t h i s  p r o j e c t  has been o f  
immense va lue t o  t h e  U n i v e r s i t y  and espec ia l l y  t o  t h e  Computer Science 
The computer, t h e  hardware and 
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Department. These computational c a p a b i l i t i e s  have f a c i l i t a t e d  t h e  teaching 
o f  a number o f  courses i n  t h e  computer science c u r r i c u l a .  
helped t h e  research a c t i v i t i e s  o f  mathematics, computer science, and physics 
departments. 
It has a l so  
I n  shor t ,  one can d e f i n i t e l y  assert t h a t  t h i s  p r o j e c t  has been o f  g rea t  
b e n e f i t  and he lp  t o  t h e  U n i v e r s i t y  i n  many ways. 
On t h e  o the r  hand, NASA LaRC has a l so  b e n e f i t e d  by t h i s  p r o j e c t .  NASA 
LaRC was prov ided access t o  MACSYMA and.SMP on VAX computers a t  Hampton 
U n i v e r s i t y .  
were t e s t e d  and t h e  defected commands and f u n c t i o n s  which d id  n o t  work o r  
d i d  no t  work as pos tu la ted  were detected and po in ted  out .  
these aspects o f  t h e  p r o j e c t  have been o f  use t o  NASA LaRC. 
A l s o ,  under t h i s  p ro jec t ,  t h e  MACSYMA, SMP, and o the r  programs 
I t  i s  hoped t h a t  
Three c o n t r i b u t e d  papers were presented on research done under t h i s  
p r o j e c t .  The d e t a i l s  o f  these a re  given elsewhere i n  t h i s  r e p o r t .  
The r e s t  o f  t h i s  r e p o r t  i s  organized as f o l l o w s :  
Sect ions 2, 3, and 4 d e t a i l  the work o r  re.search done by D r .  Shah, D r .  
Lam and D r .  ?unjab i  r e s p e c t i v e l y  under t h i s  p r o j e c t .  Each sec t i on  i s  
w r i t t e n  by t h e  f a c u l t y  member concerned. Sect ion 5 gives t h e  d e t a i l s  o f  t h e  
c o n t r i  buted papers. 
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11. Evaluat ion of Some Symbolic Manipulation Softw.are 
In  1954, Harnpton Univers i ty  purchased VAX-11/780 computer w i t h  4 
megabytes memory w i t h  VMS opera t ing  system and i n s t a l l e d  REX-MACSYMA 
sof tware  purchased from Symbolics Inc. MACSYMA i s  a symbolic manipulation 
sof tware  which was developed a t  M.I.T. over the per iod of the l a s t  20 y e a r s .  
I t  was developed and resided on Dig i ta l  Equipment Corporat ion PDP-10 
Computer. 
so lve  var ious  problems i n  pure and a p p l i e d  mathematics and i t  was made 
a v a i l a b l e  f o r  pub l i c  use under shared libraries under MACSYMA. 
a l s o  c a p a b i l i t i e s  f o r  point-graphs and 2 and 3 dimensional l ine-graphs.  
MACSYMA sof tware  became an important t oo l  i n  research and development i n  
so lv ing  d i f f i c u l t  problems i n  the f i e lds  of pure and app l i ed  mathematics, 
engineer ing ,  phys ics ,  aerodynamics and severa l  o t h e r  disciplines.  In  1983, 
M.I.T. sold the marketing and support  of MACSYMA t o  SYMBOLICS Inc .  
Many scientists a t  M.I.T. had a l s o  c r e a t e d ' l i b r a r y  packages t o  
MACSYMA has 
SYMBOLICS Inc.  s t a r t e d  d i s t r i b u t i o n  of  MACSYMA sof tware  w h i c h  ran on 
VAX-11/780 computer under VMS opera t ing  system i n  1953. 
i n s t a l l e d  on VAX-11/780 computer running under VMS a t  Hampton Univers i ty  i n  
1984, i t  was a b l e  t o  support  most o f  MACSYMA commands a v a i l a b l e  i n  the 
language. 
of the sof tware.  
There were some o t h e r  bugs i n  few MACSYMA commands. 
packages were a v a i l a b l e  on REX-MACSYMA software f o r  use, b u t  none of them 
were working. 
MACSYMA Conference a t  Schnectudy, N . Y .  i n  summer of 1984. 
Symbolics Inc.  t o l d  the i n v e s t i g a t o r s  t h a t  shared l i b r a r i e s  were not  the 
p a r t  of MACSYMA sof tware  package, they were not  r e spons ib l e  f o r  i t s  suppor t ,  
When i t  was 
The i n v e s t i g a t o r s  spent  spr ing  and summer of 1984 i n  be t a  t e s t i n g  
The l ine-graphic  support  was not  a v a i l a b l e  on REX-MACSYMA. 
T h e  shared l i b r a r y  
This information was conveyed t o  Syrnbolics Inc.  a t  the 
People from 
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and Hampton University was not supposed t o  have i t  on i t s  machine. 
Symbolics Inc. also acknowledged t h a t  they had problems i n  support 
and three  dimensions, capabi 1 i t i  es of MACS line-graphics, both two 
time and they were work 
commands of REX-MACSYMA 
software r u n n i n g  a t  M.1 
In spring of 1984, 
4 
The 
ng of 
MA a t  the 
ng on the problems. 
was also considerably slower compared t o  the 
T. 
Wollongong Inc. came out w i t h  a software named 
The execution speed of various 
E U N I C E ,  which works l i ke  U N I X  operating system. 
operating system commands and runs under VMS operating system. 
ins ta l led  on VAX-11 machine r u n n i n g  under VMS operating system, the user has 
advantage of us ing  both VMS and U N I X  operating system commands. 
software imulates UNIX operating system r u n n i n g  under VMS. 
inqu i r ed  w i t h  Symbolic Inc. whether they had developed a version of MACSYMA 
which runs under EUNICE operating systems and whether EUNICE-MACSYMA will 
support line-graphics capabi l i t i es  of MACSYMA. Symbolics Inc. informed the 
investigators tha t  they had EUNICE-MACSYMA and the version supported l i ne  
graphics. 
EUNICE operating system from Wollongong Group Inc., and swapped REX-MACSYMA 
f o r  EUNICE-MACSYMA w i t h  Symbolics Inc. Investigators also purchased SMP 
software developed by Inference Corporation. 
program l ike  MACSYMA, which has capabi l i t ies  t o  perform symbolic 
computations and graphics f o r  two and three dimensions. 
r u n  under e i ther  VMS operating system or UNIX operating system on V A X - 1 1  
computers. 
SMP commands and MACSYMA commands running under VMS operating system. 
software supports graphics capabi 1 i ti  es  on vari ous graphi cs termi nal s . 
EUNICE-MACSYMA, l ike ZEX-MACSYMA can do point plots ,  b u t  does not support 
I t  suppor ts  a l l  of the  UNIX 
When i t  i s  
EUNICE 
Investigators 
I n  1985, Hanpton University investigators purchased and ins ta l led  
SMP i s  a symbolic manipulation 
SMP software can 
Investigators have performed comparison of execution times of 
SMP 
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line graphics either on Digital's GIG1 graphics terminals or Tektronix 
graphics terminals. This was again brought to the attention of people at 
Symbolics Inc. Inquiries were again made with Symbolics Inc. whether the 
UNIX version of MACSYMA available from Symbolics Inc. was able to support 
line-graphics and whether they can provide the names of the institutions or 
companies which are currently users of UNIX-MACSYMA. The reply of Symbolics 
Inc. was that UNIX-MACSYMA does support line graphics on Tektronix terminals 
and due to sone Symbolic Inc. policy, they cannot give out the names of 
UNIX-MACSYMA users. 
its VAX-11/780 computer in February of 1986 and a1 so instal led UNIX version 
of MACSYMA on VAX-11/780 computer. Experiments were performed to test 
graphics capabilities of UNIX-MACSYMA on tektronix terminals. 
of these experiments showed that, the software was not working correctly as 
desired. 
available. 
having driver routines instead they tried to find fault with UNIX operating 
system and tektronix graphic terminals. 
Golden at Symbolics Inc., looked into the problem and found out that 
graphics capabilities on UNIX-MACSYMA were not working properly. 
1986, at the Stanford University meeting, he told that he and other people 
at Symbolics Inc. were working on the problem and it will be sometime before 
the problem is corrected. 
Since Symbolics Inc. acquired the distribution of MACSYMA software, 
their support for the software is totally unsatisfactory and the graphic 
capab lities (line) is not working on any of their versions REX, EUNICE or 
UNIX. 
capab 1 i ties of MACSYMA. 
Hampton University installed UNIX operating system on 
The results 
Some of the drivers routines required to support graphics were not 
Symbolics Inc. tried to evade the responsibilities for not 
Finally in June of 1986, Jeffery P. 
In August 
So far, they are not truthful about giving information on graphics 
They are charging about $350.00 for support 
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service on MACSYMA, and customers do not get any suppor t  from the service. 
The shared libraries are  not available for MACSYMA users. 
S W  software i s  comparatively new and young i n  the market. Some of i t s  
commands are also not  working properly. 
excellent. 
correctly. Some of the commands l ike 'XTHRU' w h i c h  i s  available i n  MACSYMA 
are not implemented on SMP. 
implementing those w i t h  existing commands. 
easy t o  understand for implementing and using a l l  the capabilities of SMP. 
The people a t  Inference Corporation are w i l l i n g  t o  help and guide the users 
t o  overcome the shortcomings of t h e  manual. 
one of the routines i n  SMP l ibrary ,  namely FELIP had some bug i n  i t  and i t  
was reported t o  Inference Corporation. 
Richard Fateman of the University o f  California a t  Berkeley, performed 
various experiments with SMP and published various SMP shortcomings of the 
software i n  ACM's SIGSAM Bulletin of Augus t  1985. These experiments were 
performed on SMP version 1 .3  Inference Corporation updated version 1.5 of 
SMP s t i l l  has some of the o ld  problems. For example, i t  i s  unable t o  factor 
simple algebraic expression X6-a6. I t  exhausts memory even i f  you start  
fresh. This i s  not  an isolated case. 
are scheduled for  work prior t o  next release. 
B u t  their support i s  very 
The graphics c a p a b i l i t i e s  on SMP i s  very good and works 
B u t  users can get the required results by 
The user's manual for SMP i s  n o t  
The investigators f o u n d  t h a t  
We believe, i t  i s  corrected now. 
Inference claims t h a t  these problems 
The other symbolic softwares like 2EDUCE and MAPLE i s  also available 
f o r  VAX-11/780 computers. 
MAPLE i s  good fo r  the university environment, in the sense, i t  does not  take 
up l o t  of memory, and many users can access the same time. One MACSYMA user 
requires 1.5 megabyte compared t o  l O O K  f o r  MAPLE. 
development and i t  has limited capabilities compared t o  MACSYMA. 
MAPLE and R E D U C E ,  both do not  support graphics. 
MAPLE i s  s t i l l  under 
ZEDUCE i s  
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around for a long t 
in U.S. and Europe. 
me and it is wide 
Recently, it was 
y used in industries and universities 
announced that REDUCE is now available 
for CDC-CYBER-170 series. 
Of all different kinds of symbolic manipulation software, according to 
these investigators, MACSYMA has the best capabilities. 
needed for maintenance and development for users of MACSYMA is not available 
from Symbolics Inc. 
MACSYMA on single user machines, rather than supporting MACSYMA software for 
multiuser machines like VAX-11 series. 
much desirable due to its capabilities and support given by Inference 
Corporation. 
But the support 
It seems they are more interested in implementing 
In these respects, SMP software is 
The investigators have performed comparison of execution times of some 
commands in MACSYMA and SMP. 
GENTRAN : 
A software package implementated in RLISP is now available for code 
generation and translation and it runs under REDUCE. It generates complete 
numerical programs directly from REDUCE by transforming EDUCE prefix forms 
into formatted FORTRAN, RATFOR or C code. 
structures, type declarations and subprogram headings can be generated from 
algorithmic specifications and symbolically derived formulas. 
segmentation facility breaks large expressions into subexperssions of 
Assignment statements, control 
An expression 
manageable sire, and an interface to an existing code optimizer allows 
sequences o f  assignment statements t o  be replaced by their optimized 
equivalents. 
generation to be guided by template files and output to be redirected to one 
or more fi 1 es. 
In addition, special file-handling facilities allow code 
GENTRAN provides the f 1 exi bi 1 i ty necessary to hand1 e most 
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code generation application under REDUCE.  
Tektronix Inc. has developed a system which i s  available f o r  workstations to  
do  graphics and pretty pointing f o r  REDUCE.  
symbol i c a1 gebra systems primari l y  because of i t s  1 ow cost  and avai 1 abi 1 i ty  
of source code. 
Wm Leler and Neil Soiffer ,  of 
REDUCE was chosen over other 
~1 
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111. XPRESENTATIONS OF SHAPE 
I n t r o d u c t i o n  : 
I n  computer graphics and computer-aided design, t h e  problem o f  shape 
rep resen ta t i on  and design i s  a cen t ra l  issue.  We are no t  o n l y  concerned 
w i t h  p i c t u r e s  b u t  a l so  w i t h  p rov id ing  a geometrical model o r  database which 
i s  used f o r  design, ana lys i s  and production. Shape rep resen ta t i on  r a i s e s  
many d i f f i c u l t i e s .  There are  no we l l -es tab l i shed c r i t e r i a  f o r  a r r i v i n g  a t  
an appropr ia te  mode of desc r ip t i on .  Approaches t o  shape and form 
d e s c r i p t i o n  are  u s u a l l y  h i g h l y  i n t u i t i v e  and adhoc responses t o  p r a c t i c a l  . 
needs. 
I n  t h e  e a r l y  s i x t i e s ,  Charles Coons o f  M.I.T. i n i t i a t e d  some e legant  
and p rec i se  methods t o  represent  shapes. H is  methods were q u i c k l y  adopted 
by i ndus t r y ;  general i zed' and improved by many researchers. Coons employed 
parametr ic  forms t o  descr ibe  curves and surfaces t o  o b t a i n  axis-independent 
shape desc r ip t i ons .  
methods are a l so  piecewise. 
This  a lso  allows t h e  d e s c r i p t i o n  o f  c losed curves. H is  
No attempt i s  made t o  represent  an e n t i r e  curve 
o r  sur face by a s i n g l e  a n a l y t i c  func t ion .  Curves and surfaces are  
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cons t ruc ted  piecewise, then they are sewn together  w i t h  s p e c i f i e d  c o n t i n u i t y  
cond i t i on .  P. Bezier  proposed a s i m i l a r  idea. Coons' b lend ing  f u n c t i o n s  
become t h e  bas is  f u n c t i o n s  f o r  Hermite i n t e r p o l a t i o n  and B e z i e r ' s  b lend ing  
f u n c t i o n s  are t h e  bas i s  f u n c t i o n s  for Berns te in  approximation. 
A i i iathematical rep resen ta t i on  o f  shape can De obta ined i n  two bas ic  
ways: design and f i t t i n g .  
e x i s t i n g )  shape which s a t i s f i e s  c e r t a i n  cons t ra in t s .  
making i n t e r a c t i v e  changes i n  shapes and d i s p l a y i n g  them i n  rea l - t in ie .  
I n  design, t h e  problem i s  t o  c rea te  ( o r  modi fy  an 
I t  u s u a l l y  i nvo l ves  
I n  
f i t t i n g ,  t h e  problem i s  t o  o b t a i n  a nathematical rep resen ta t i on  f o r  an 
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e x i s t i n g  shape which i s  n o t  mathematical ly de f ined b u t  e x i s t s  as a phys ica l  
model f rom which data p o i n t s  can be measured. 
T r a d i t i o n a l l y ,  t h e r e  are two approaches t o  these problems: 
approximation o r  i n t e r p o l  a t i o n .  
g iven data e x a c t l y  and approximation means one n e a r l y  matches t h e  data. 
Most s c i e n t i f i c  representa t ion  o f  in format ions r e q u i r e s  approximations a t  
some l e v e l .  The approximation might occur a t  t h e  l e v e l  o f  equat ions t h a t  
model t h e  phys ica l  phenomenon, o r  a t  t h e  l e v e l  o f  t h e  numerical s o l u t i o n  o f  
these equations. 
I n t e r p o l a t i o n  means t h e  shape matches t h e  
Proper t ies  o f  Shape Representat ion:  
The requirements o f  t h e  a p p l i c a t i o n  and o f  t h e  computer used t o  
generate these shapes (curves and surfaces) suggest t h a t  t h e i r  
representa t ion  should have c e r t a i n  proper t ies.  
requirements a re  l i s t e d  below. 
Some o f  t h e  impor tant  
1. 
2 .  
3 .  
The representa t ion  should a l low m u l t i p l e  values as i n  t h e  case o f  
c losed curves o r  surfaces. 
1 2 Some smoothness i s  desired. I t  might be Co, C o r  C cont inu i ty- .  
The representa t ion  must no t  lend i t s e l f  t o  t o o  much computation and 
computer memory requirement. 
4. The shape o f  an o b j e c t  i s  independent of i t s  o r i e n t a t i o n  w i t h  respect  
t o  a r b i t r a r i l y  chosen coordinate axes.' 
mathematical representa t ion  be ax i  s independent. 
Hence i t  i s  d e s i r a b l e  t h a t  i t s  
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5. 
6. 
7. 
8. 
The method t o  generate these shapes can be loca l  o r  g l o b a l .  
method i s  probably preferred because shape can be generated as soon as 
some d a t a  points are ava i l ab le .  
desi gned shape by making some modifications around the t r o u b l  e area. 
Local 
I t  i s  also easier t o  control the 
The mathematical representation should be var ia t ion-d iminish ing .  J t  
should smooth small irregularities of the da ta  points 
amplifying them. 
I t  i s  desirable t h a t  the same curve i s  generated when 
instead of 
the d a t a  i s  
scanned from left-to-right or right-to-left. 
should have symmetry property. 
Hence the representation 
T h e  representation should be versatile so t h a t  i t  provides a variety of 
shapes. 
The Representations: 
A survey has been conducted on some of the commonly used shape 
representations’-4. 
directly. 
None of these methods requires derivative informations 
Unlike what appeared i n  many articles on this top ic  (shape 
representation), the d a t a  used i n  this study are collected physical and 
chemical d a t a  and n o t  ar t i f ic ia l .  
study. 
discussion i s  based on some of the criteria described i n  the previous 
section. Note t h a t  Bezier method i s  the only approximation, the rest 
provides i nterpol a t i o n .  
SMP i s  used exclusively t o  conduct this 
Result of this study i s  described i n  the f o l l o w i n g  sections. The 
Assume there are N d a t a  points. They are represented as P1(xl,yl) ,  
11 
Method A :  Oscul a t o r y  Method 
Add two dummy d a t a  p o i n t s  Po and PN+1, one b e f o r e  the f i r s t  d a t a  p o i n t  
and one a f t e r  the l a s t  p o i n t .  
For every i = 1 ,  2, ..., N ,  define a q u a d r a t i c  polynomial Q i ( x )  = a x2 + 
b x + c on [xi, such t h a t  Qi(x) p a s s e s  through P im1 ,  P i ,  P i + , .  
On [ x i ,  b l end  Q i ( x ) ,  Q i ( x ) ,  Q i + l ( x )  t o  form c i ( x )  by us ing  the 
two b lending  f u n c t i o n s  a s  i n d i c a t e d  below. 
These polynomical [ c i ( x )  
i n t e r p o l  a n t .  
: i = 1 ,  2 ,  ..., N-11 form a piecewise smooth 
Method B: A Piecewise Cubic Polynomial Method 
Add a dummy p o i n t  Po b e f o r e  t h e  f i rs t  d a t a  p o i n t .  Add PN+l a f t e r  the 
l a s t  p o i n t  . 
For  every i = 1 ,  2, 3,  ..., N+1, c a l c u l a t e  the s l o p e  mi o f  l ine  segment 
< P i - l ,  P i > .  
An e s t ima ted  s l o p e  si a s s o c , a t e d  w 
de te rmined .  
For  eve ry  i = 1 ,  2 ,  ..., N ,  
si = 0.5 ( m i  + m i + l )  
th each p o i n t  P i ( x i ,  y i  
12 
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Define a cubic polynomial function c i ( x )  on [ x i ,  x i + l  1 such tha t  c i ( x )  
interpolates  ?i-,, P i ,  P i+ ,  and c; ( x i )  = si. 
Piece these polynomials [ c i ( x )  : i = 1 ,  2 ,  ..., 11-11 t o  form a smooth 
interpolant over [ x , ,  xN].  
Method B '  : A Piecewise Cubic ,Polynomial Wethod w i t h  A k i n a ' s  Slope  Estimate 
T h i s  method i s  identical  t o  Method B except t ha t  the estimated slope s i  
a t  point Pi ( x i ,  yi 
s1 = m2 
s2 = 0.5 (m + m3) 
and f o r  every i = 3 ,  ..., N-2 
i s  defined a s :  
2 
which is ,  a weighted average of mi, m i + l .  
sN-l = 0.5 (m,,,-l + m,) 
SN = mN 
Method C :  A Piecewise Cubic Hermite Polynomial 
The slope Si a t  data point P i ( x i ,  y i )  i s  estimated as i n  Method B. On 
each interval [xi , x i + l  1, a cubic polynomial ci  ( t )  i n  parameter t i s  
constructed by us ing  blending functions as indicated. 
2 3 2 c i ( t )  = ( 2 t 3  - 3 t  + 1 )  pi + ( -2 t  + 3t ) p i+ l  + 
(t3 - 2 t 2  + t )  P; + (t3 - t2) 
13 
where 0 < t < 1 .  
These c i l s  , i = 1 ,  2 ,  ..., N - 1  give a smooth interpolant.  
- -  
Metnod D: McLaughlin's Method 
Each data point w i t h  the exception of the l a s t  p o i n t  i s  c lass i f ied  as 
"regular" or " i r regular" .  
segment i s  drawn from this point t o  the next point P i + l ( x i + l ,  y i++ If  a 
point i s  regular,  a break p o i n t  B ( x ' ,  y ' )  will be inserted between Pi  and 
P i + l ,  then a parabola passing through Pi and Pi+ ,  will be drawn. 
I f  a point Pi  ( x i  yi ) i s  i r regular ,  a l i n e  
Method E : P i  ecewi se Bezi e r  Method 
Four control points will be used t o  construct a Bezier curve. 
3 
k=o 
where 0 < t < 1 .  - -  
Piece these curves together t o  get an approximation. 
Data: 
The data used t o  generate Figures 1 t o  20 are given i n  Tables 1-5. 
Water samples are  collected from the same s ta t ion  a t  a depth of one meter. 
Some physical measurements are taken. 
some of their chemical contents. 
The samples a re  a lso analyzed fo r  
Variable x represents time i n  the u n i t  of weeks, y represents the 
measurement of a physical or chemical variable a t  low t i d e  or  h i g h  t ide .  
Table 1 shows Dissolved S i l i c a  content ( i n  mg/l) a t  low t ide  ( y l )  and h i g h  
t ide  ( ~ 2 ) .  Similarly, Tables 2-5 show the measurements of Sa l in i ty  
14 
Conduc t i v i t y  pH Tota l  K j e l  dah1 Nitrogen and Tota l  Phosphate i n appropr i  a te  
u n i t s  a t  low t i d e  and h igh  t i d e .  
1 
2 
5 
6 
7 
9 
11.5 
14 
17 
22 
1.4 
1.8 
1.7 
1.6 
1.6 
0.3 
0.1 
0.2 
0.9 
0.4 
1.3 
0.3 
1.6 
1.7 
1.5 
0.1 
0.8 
1.8 
2.2 
0.8 
Table 1. Dissolved S i1  i c a  i n  mg/l 
x : time i n  weeks 
y l  : l o w  t i d e  da ta  
y 2  : high t i d e  da ta  
1 
2 
5 
6 
7 
9 
11.5 
14 
17 
22 
20.5 
23.1 
25.2 
27.6 
19.8 
20.9 
26.4 
23.8 
25.0 
23.9 
21.1 
23.2 
26.0 
25.5 
19.7 
29.1 
23.1 
21.4 
21.1 
24.6 
Table 2. S a l i n i t y  Conduc t i v i t y  i n  mg/l 
x : time i n  weeks 
y l  : l o w  t i d e  da ta  
y 2  : high t i d e . d a t a  
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1 
2 
5 
6 
7 
9 
11.5 
14 
17 
22 
8.45 
7.98 
8.62 
7.87 
8.06 
8.46 
7.77 
7.68 
8.12 
8.25 
8.28 
8.45 
8.31 
8.16 
7.81 
8.23 
8.21 
8.10 
8.23 
7.98 
Table 3. pH i n  standard u n i t  
x : time i n  weeks 
y l  : l o w  t i d e  data 
y2  : high t i d e  data 
1 
2 
5 
6 
7 
9 
11.5 
14 
17 
22 
0.351 
0.158 
0.698 
0.868 
0.765 
0.500 
1.320 
0.552 
1.912 
1.088 
0.909 
0.342 
1.173 
0.884 
0.571 
0.621 
1.084 
0.705 
1.111 
0.533 
Table 4. To ta l  K je ldah l  N i t rogen in mg/l 
x : t ime i n  weeks 
y l  : l o w  t i d e  da ta  
y2  : high t i d e  data 
X 
1 
2 
5 
6 
7 
9 
11.5 
14 
17 
22 
Table 5. 
Y l  Y2 
0.134 
0.059 
0.065 
0.052 
0.080 
0.042 
0.190 
0.018 
0.157 
0.041 
0.182 
0.157 
0.042 
0.053 
0,100 
0.060 
0.192 
0.034 
0.171 
0.000 
Tota l  Phosphate i n  ng / l  
x : t ime  i n  weeks 
y l  : low t i d e  data 
y2  : h igh  t i d e  da ta  
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Conclusion : 
The f i r s t  t h r e e  methods ( A ,  B y  B ' I  desbr ibed i n  Sect ion I11 d e f i n e  
polynomials on [xi 
y = f ( x ) .  
xi+l 1 us ing  e x p l i c i t  form 
Hence none o f  them permi ts  mu l t ip le -va lued shapes. Cubic Hermite form, 
Bezi e r  curve and McLaughl i n I s method prov ide curves o f  s i  ng l  e-Val ued 
f u n c t i o n s  as we1 1 as mu1 ti p l  e-Val ued curves. 
The oscu la to ry  method ( A I  matches f i r s t  o rder  d e r i v a t i v e s  a t  t h e  two 
end p o i n t s  of i n t e r v a l  [xi¶ 
'i +I ( X i  +I 9 Y i  +I ) .  
d i r e c t  c a l c u l a t i o n .  From Sect ion 111, 
as we l l  as t h e  da ta  p o i n t s  Pi(xi, yi) and 
1 It i s  o f  order  C . This  can be seen f r o m  t h e  f o l l o w i n g  
x - xi 
'i+l - 
xi +I x -- 
Ci(XI = qi(x) + q i  +I ( X I  on [xi, xi+,] 
x -  i 'i+l 
17 
S i m i  1 a r l y ,  
c; (Xi+l 1 = q;+ l  (xi+l) 
- c;+l (xi+l). 
Methods B y  8 '  d e f i n e  curves over [xi, xi+l] i n  such a way so t h a t  o n l y  Pi , 
Pi+l and t h e  f i r s t  order  d e r i v a t i v e  a t  xi are matched. 
o n l y  p rov ide  C curves. Method C generates piecewise cub ic  Hermite 
polynomials which are  C continuous. McLaughlin's method i s  C continuous 
s ince  d e r i v a t i v e s  are n o t  considered d i r e c t l y  by t h i s  method a t  a l l .  
method can supply c o n t i n u i t y  o f  any order  prov ided t h e  da ta  p o i n t s  s a t i s f y  
c e r t a i n  cond i t ions .  
da ta  and w i l l  no t  s a t i s f y  those cond i t ions .  
o n l y  CO continuous. 
As a r e s u l t ,  they  
0 
1 0 
Bezier  
I n  t h i s  i nves t i ga t i on ,  t h e  da ta  po ins are c o l l e c t e d  
Hence t h e  Bezier  curves are  
A l l  methods descr ibed i n  Section I11 are l o c a l  methods. Bez ie r  method 
But i n  t h i s  i n v e s t i g a t i o n ,  a p iecewise Bezier  i s  a c t u a l l y  a g loba l  method. 
curve i s  used ins tead  o f  a s i n g l e  Bezier curve t h e r e f o r e  i t  i s  considered as 
a l o c a l  method. 
Bez ie r  curves are  symmetric due t o  t h e  symmetry of t h e  Bezier  b lend ing  
funct ions.  
generate 
Take f o u r  consecut ive data p o i n t s  Pi, Pi+l, p i  +2 Y P i  +3 , they  
3 
P ( t )  = c tk ( I - ~ ) ~ - ~ P  i + k ' O L t l l  
k=o 
Pi i n  t h i  s order  ( f rom r i  ght- to-1 e f t )  generate The p o i n t s  Pi+3, 'i+2' 'i+l' 
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i 
1 
I 
1 
I 
1 
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I 
1 
1 
I 
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I 
I 
k =o 
Take any t o  such t h a t  0 < to 51 - 
3 
= c (;) t o k  ( 1 - t  0 )3-k P i+k  
k =o 
3 
k=o 
Let j = 3-k, then 
0 
R ( l - t o )  = c (33j) (1-t I3-J  t o  j ' i t j  
0 
j =3 
0 
= c ( j 3 )  toj (1-t 0 13-J P i + j  
j = 3  
= P ( t o ) .  
McLaughlin's method i s  not symmetric. 
B depends on some "previous" points. 
the x-axis, these ''previous" points are not the same as those associated 
w i t h  moving from le f t - to- r igh t .  I n  general, d i f fe ren t  parabolas will be 
constructed between Pi  and P i + l .  
i s  consistent i n  the sense t h a t  i f  Pi i s  determined as regular and a 
parabola i s  found between Pi  and P i + , ,  when traversing from r igh t - to - l e f t ,  
P i + l  w i l l  be determined as regular and a parabola ( a  d i f fe ren t  one) w i l l  be 
constructed between P i + l  and P i .  
The determination of the break point 
While moving from r ight - to- le f t  along 
However, the shape of the generated-curve 
Cubic Hernite form i s  also symmetric. From Pi t o  P i + l ,  one has curve 
19 
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represented as :  
P ( t )  = ( 2 t 3  - 3 t 2  + 1)  P ( O )  ( -  2 t 3  + 3 t 2 )  PHI + 
( t 3  - 2 t 2  + t )  P ' ( 0 )  t ( t 3  - t2) P ' ( 1 )  egg. 
From t o  Pi, one w i l l  have 
R ( t )  = ( 2 t 3  - 3 t 2  + 1)  ~ ( 1 )  ( -  2 t 3  + 3 t 2 )  P ( O )  + 
O < t < l .  ( t 3  - 2 t 2  + t )  ( -  P ' ( 1 ) )  + ( t 3  - t 2 )  ( -  P ' ( 0 ) )  
w - t )  = [2 (1- t13  - 3 ( 1 - t I 2  t 11  P~I) + [ -  ~ ( 1 - t ) ~  + 3 ( 1 - t ) ~ 1 -  
P(O) + ~ ( 1 - t ) ~  - 2 ( 1 - t I 2  + ( 1 - t ~  ( -  P W )  + 
~ ( 1 - t ) ~  - ( I - ~ I ~ I  ( -  P Y O H  
- -  
For every t i n  [0,13 
= ( 2  - 6 t  + 6 t 2  - 2 t 3  - 3 + 6 t  - 3 t 2  t 1 )  P(1) + 
2 3 ( -  2 + 6 t  - 6 t  + 2 t  + 3 - 6 t  + 3 t 2 )  P(0)  + 
( 1  - 3 t  + 3 t 2  - t3 - 2 + 4 t  - 2 t2  + 1 - t )  ( - P ' ( l ) )  + 
( 1  - 3t + 3 t 2  - t3 - 1 + 2 t  - t 2 )  (-P'(O)) 
= ( -  2t 3t2) ~ ( 1 )  ( 2 t 3  - 3 t 2  + 1 )  P ( O )  + 
( t 3  - t2) P ' ( 1 )  + ( t 3  - 2 t 2  + t )  P ' ( 0 )  
3 
= P ( t ) .  
The remain ing methods do no t  have the symmetry p roper ty .  
A Bez ier  curve i s  independent of t h e  coord ina te  system used t o  measure 
t h e  l o c a t i o n s  o f  c o n t r o l  po in ts .  
method because bo th  use parametr ic  form and t h e  methods i n v o l v e  on ly  c o n t r o l  
p o i n t s  (and a1 so beak p o i n t  f o r  t h e  l a t t e r ) .  Cubic Hermite form i s  n o t  a x i s  
The same i s  t r u e  f o r  t h e  McLaughlin's 
independent desp i te  parametr ic  form is  a lso  used. I t  depends on f i r s t  order  
d e r i v a t i v e s  as we l l  as da ta  p o i n t s .  These f i r s t  o rde r  d e r i v a t i v e s  do no t  
undergo t h e  same t rans format ion  as the axes. 
a x i s  dependent. 
The o the r  methods are  a l so  
0 The p iecewise Bezier  method i s  on l y  C . Curves generated by t h i s  
20 
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riiethod i n  general con ta in  corners and/or cusps. 
prov ides very i n t e r e s t i n g  curves. 
generates t o o  many l i n e  segnents along t h e  process. 
o f  l i n e  s e g e n t s  on ly .  
few parabolas, t h e  r e s u l t s  a re  q u i t e  i n t e r e s t i n g  and p leas ing  t o  t h e  eyes. 
These two methods cou ld  be va luable t o  those a p p l i c a t i o n s  t h a t  c a l l  f o r  
corners o r  cusps. 
r e s u l t s .  
smoothest curves. 
Method 6, B '  g i v e  very s i m i l a r  r e s u l t s .  
though n o t  as smooth as those of A. They a l s o  produce some corners.  
overshoot p a r t s  a re  n o t  as not iceable as those o f  A.  
by 6 '  appear t o  be a b i t  t i g h t e r  i n  some areas. 
Nonetheless t h e  method 
As can be expected, PicLaughlin's method 
Some curves are.nade up 
However, when some l i n e  segnents are mixed w i t h  a 
The cubic  Hermite method does n o t  produce s a t i s f a c t o r y  
The curves have t o o  many t w i s t s  and turns.  Method A g ives  t h e  
On a few occasions, t h e  curve does overshoot da ta  p o i n t s .  
Curves are  r e l a t i v e l y  smooth, 
The 
Some curves produced 
The approximate amount o f  computer t ime i n  t h e  u n i t  o f  seconds needed 
t o  generate t h e  curves o f  F igures  1-20 are g iven i n  t h e  f o l l o w i n g  t a b l e .  
These curves a r e  generated by SMP e rs ion  1.5.0 running on a VAX 11/780 and 
a DEC GIG1 i s  used as graphic  d i s p  ay. 
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DS 
sc 
PH 
TK N 
TP04 
DS 
sc 
T K N  
TP04 
Table 6. 
PH 
METHOD 
A 
12.03 
12.05 
12.10 
12.00 
11.83 
11.97 
12.05 
B 
1.15 
0.98 
1.08 
0.97 
0.73 
1.07 
1.02 
B '  
11.95 
11.78 
11.71 
11.65 
11.51 
11.68 
11.68 
C D 
33.12. 22.35 
33.12 15.83 
33.13 18.35 
33.20 19.85 
33.25 13.27 
33.33 25.20 
33.15 26.57 
11.90 11.28 11.57 33.22 22.78 
11.91 10.98 11.62 33.07 18.43 
11.97 10.80 11.70 33.33 15.85 
Approximate time needed i n  sec  t o  genera te  curve 
Abbrevi a t i  ons : DS - Di sso l  ved S i  1 i ca  
SC - S a l i n i t y  Conduct ivi ty  
T K N  - Total Kjeldahl Nitrogen 
TP04 - Total Phosphate 
1 - l ow t i de  
h - high t i d e  
E 
22.88 
22.77 
22.85 
22.73 
22.75 
22.68 
22.90 
22.90 
22.65 
22.02 
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F i g u r e  1. Dissolved S i l i c a  a t  low t i d e  
DRAW 1 - Method A 
DRAW 2 - Method B 
DRAW 3 - Method B '  
DRAW 4 - Method D 
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SMP Code: 
/ *  This program uses the osculatory method on page 1 1  of 
Brodlie’s Mathematical Methods in Computer Graphics 
a n d  Design to draw a smooth curve that passes through 
10 given data points. 
An additional point is added to each end of the data. 
It is the mirror image of the first point ( o r  the 
last point) of the data. 
A quadratic olynomial q(i,x)=axA2+bx+c defined on 
[x(i) ,x(i+l ) j  is determined. This polynomial passes 
through points P(i-I), P(i), P(i+l) and is given by 
x( i-1 ) ^ 2 
x(i+1)^2 x(i.1) 1 
x( i-1 ) 
On [x(i),x(i+l)], blend q(i,x), q(i+l,x) to get c(i,x) 
by using 
x - x(i+l) x - x(i) 
x(i) - x(i+l) x(i+I) - x(i) q(i+l ,XI c(i,x) = --------------_- q(i,x) + ___ -___-___- - -  
Join these {c(i,x) : i = 2,3,..,10] .into a piecewise 
smooth curve * /  
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/* -  ~ s t i m a t e  s l o p e  a t  x ( i )  */  
/* De 
D o [ k , 2  
t 
t 
C 
C 
t e r m i  
;'p9 
2 :  
o e f  : 
[ k , $ u  
n e  
I M  
c u b i  
: c o e  
c o e  
c p o l y n o m i a l s  c ( i , x )  */ 
P 
44 
+ \  
1 / *  M e t h o d  B '  */ 
x : [-1,1,2,5,6,7,9,11*5,14,17,22,27j 
/ *  C a l c u l a t e  A k i m a ' s  s l o p e  e s t i m a t e  a t  x ( i )  */ 
~ o [ i , 2  i 2 ,  \\ 
- y [ i - l l ) / ( x [ i l  - x [ i - ~ ] > ]  
s 3 : 0.5 ( m [ 3 ]  + m [ 4 ] >  
I 
I 
+ Abs[m[ ' - I ]  - m [ j ]  * \ I + A b s l m [ j - l ]  - m t j ] ] ) ]  
t 2  : I 
I 
I c o e f  : c [ k , $ u  
c u b i c  p o l y n o m i a l s  c ( i , x )  */  
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/*  C u b i c  h e r m i t e  f o r m  */ 
x : { - 1 , 1  , 2 , 5 , 6 , 7 , 9 , 1 1 - 5 , 1 4 , 1 7 , 2 2 , 2 7 ]  
/* E s t i m a t e  f i r s t  o r d e r  d e r i v a t i v e  a t  x ( i )  */ 
Do[i,2 1 2 ,  \ 
~ o [ j , 2  1 1 ,  \ 
m [ i ]  : ( y [ i ]  - y [ i - l ] ) / ( x [ i l  - x [ i - 1 1 > 1  
s [ j ]  : 0 .5  ( m [ j ]  + m [ j + I ] > ]  
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/* McLaughlin’s Method */ 
delta[$i] : p[$i] - p[$i-1] 
/ *  Determine the regularity of the first point */ 
regular![$pj : [ a : $ F ~ I  - ~ n r 2 1  ; \ 
b : $p[3! - $ Y i [ 2 j  ; \ 
a.b > 0 
/* Determine the regularity o f  the last point */  
regularN[$p,$n] : [ a : $p $n-2 $p $n-1 
b : $p[ $n I $p[$n-l 1 .  \ 
a.b > 0 ] 
/ *  Dete 
regular[ 
E d  
the regu 
I iElem[ d 
Elem[ del 
{ {Elem[ d 
- \  
f th e in betwee n poin ts */ rmine 
$p,$i 
: Det 
: Det 
larity o 
elta[ $i 
ta[$i], 
elta[ $i 
3 ,  Elem[del 
Elem delta 
Elem E delta 
1 ]]+Elem[de 
a[ $i+ 
i+2], 
t 
9; 
t dl 
I 
I 
: Det[ 
Elem[ del 
{ I Elem[ d d 2  
$ 
a 
a 
Elemldel 
del 
del 
And 
: d ;  \ 
: d l ; \  
0 ,  Sign[ d] = Sig n[ dl Sign 
norm[$a,$b] : ($a[l] - $b[l])*2 + ($a[2] - $b[2])^ 2 
/* the set o f  data points P has been batched in already * /  
q : 0.5 
n : 10 
: I 1  
t :  it : I 1  
rl : List[regularl [p]] 
r : Cat[r,rl] 
rl : List[regular[p,2]] 
r : Cat[r,rl] 
t[l] : I f [  r[l]=l, 1 
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I 
1 
I 
I 
I 
I 
I 
I 
I 
i 
1 
I 
1 
\ 
1 - P [ 2 1 )  ; \ 
. - 2 ,  
If[ < n - 2 ,  r e g u l  
r e g u l  
\ 
\ 
r 2  \ L i s t  
Cat[  \ 
\ 
\ 
1 4 . 1  / 
j + 2 J  + s 
s*(it[j 
+ s * ( a  
h * ( t [ j -  
= I ,  
+ d e  
* ( P  
1 -  
- P[ 
1 1  - 
J l  L 
P [ J + ~ I )  ; \ 
? \ 
9 \ 
? \ 
a : p  
b : p  
\ 
\ ] ' +  h * ( t  
s : 1 + d e l s  j ]  / 
t [ j ]  - p [ j + 2  E + s* 
P j i i  
1 -  
J l  
+ I  1 
t 
t [ n - I ]  r n - 1 ] =  
[ a :  
e l  : 
P n  t 
( a  
\ 
- I 3   p n-1 + s* ( t [n -21  ) . ( p  n 
' m [ a , p  n-111 = n o  
4 , s  ; 
- p  s*(t I n-21  - p [ n  
E n I ) . ( p E n - l  - P  1 -  
r m [  a 
\ 
\ 
\ -  
\ 
\ 
\ 
i a  
n o r  
-1  I )  I ?  
\ 
f [ 5 , $ u ] , f [ 6 , $ u ] ,  \ 
4% 
I 
I 
I 
1 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
1 
I 
I / *  Bezier curve using 4 control points * /  
x : {1,2,5,6,7,9,11.5,14,17,22] 
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I V .  K INEMATICS OF ROBOT A2M 
I n t r o d u c t i o n :  
The purpose o f  t h i s  research work i s  t o  s tudy t h e  k inemat ics o f  a 
I n  t h e  s o l u t i o n  o f  equat ions o f  mot ion o f  t h i s  s i n g l e  l i n k  r o b o t  arm. 
system, t h e  symbol ic man ipu la t ion  programs MACSYKA and SMP have been used. 
Also, some IMSL subrout ines are  also u t i l i z e d .  
The Lagrangian o f  t h e  system i s  set -up i n  a f i x e d  frame of re fe rence.  
Hami 1 t o n i  an i s c a l  c u l  ated. 
S o l u t i o n  o f  t h i s  equat ion  g ives  t h e  t ime  e v o l u t i o n  o f  t h e  system. 
From th i s ,  Hami 1 ton-Jacobi  equat ion i s o b t a i  ned. 
Def i n i  ti on o f  symbol s : 
Before  se t t i ng -up  t h e  necessary equat ions,  t h e  f o l l w o i n g  l i s t  o f  
symbols i s  def ined.  Note t h a t  subscr ip t  1 denotes t h e  f i r s t  r o d  and 
subsc r ip t  2 denotes t h e  second rod.  Subscr ip ts  t o  I denote t h e  appropr ia te  
axes about which t h e  moment o f  i n e r t i a  o f  .a p a r t i c u l a r  r o d  i s  def ined.  See 
F igu res  1 and 2. 
L = Lagrangian 
T = K i n e t i c  Energy 
V = p o t e n t i a l  energy 
I = moment o f  i n e r t i a  
= angle o f  r o t a t i o n  
m = mass 
g = g r a v i t a t i o n a l  acce le ra t i on  
h = he igh t  
w = angular  speed 
1 = d i s tance  o f  CM f rom a x i s  o f  r o t a t i o n  
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Lagrange's Equations: 
The Lagrangian of the f i r s t  rod i s  
L1 = T1 - V 1  
Kinetic energy T2 of second rod  i n  the X2Y2Z2 system i s  
- 2  1 - _  T2 - 2 12Y2Y2 G 2  . 
Now the vector i s  
A h 
i, = @2 Y 2  . 
. 
I n  X I Y I Z l  system, the vector i, i s  given by 
-+ 
( d @ 2 / d t ) X  = ( d i 2 / d t I X  + G1 x i, 
1 1 1  2 2 2  
This can be shown t o  give 
= @2 '2 + q @; . ($2 ) X 1 Y 1 Z 1  ' 2  
Therefore, 
T2 i n  X I Y I Z l  system i s  
'2 1 - * 2  2 
@ *  + - I  2 2 Y 2 Y 2  
1 - - I  - 2 2Y2Y2 $1 $2 (T2  ) x Y z 
51 
and 
I ("2)XlY1Zl = m2gh2 . 
I K i n e t i c  energy o f  mot ion of CM of rod 2 about Z1 a x i s  i s  
From above, t h e  Lagrangian o f  second r o d  i n  t h e  X I Y I Z l  system i s  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 2 '2 + 1 '2 
L2 = - m  2 2 2 9  1 z 12Y2Y2 $2 
1 *2 2 + - I  2 2Y2Yz $1 $2 - m2gh2 
Tota l  Lagrangian can be shown t o  be 
L = L1 + L2 
where 
2 
+ m2 1 1 I1  = - 2 (I1z1z1 
1 I 2  = - I  2 2Y2Y2 
V = g(mlhl + m2h2). 
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Lagrange's equations o f  motion are 
wi t h 
a = 11/12, 
Hami 1 toni an Formul ati on : 
Let the generalized coordinates be 9' = ( 61 6 2 ) .  Generalized momenta are 
+ 
vector p. 
Hamiltonian H is 
3 
H = k  q i p i  - L 
i = 1  
I 53 
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Hami l ton 's  equat ions o f  mot ion are  
= aH/ap1 = p l / ( I1  + I 2  
$2 = aH/ap2 = p2/12 
. 
p1 = - aif/aql = 0 
Note t h a t  p1 = constant .  
If one assumes t h e  system t o  be non-d iss ipa t ive ,  H = E = constant .  I n  
t h i s  case, 
remembering t h a t  p1 = cons tan t  and d e f i n i n g  
C = B/A > 0. - 
w i t h  
A = 2 ( E - V )  
and 
2 2  B = Y ( =  pl) ' 0. 
Th is  leads t o  t h e  i n t e r e s t i n g  phenomena o f  b i f u r c a t i o n .  When 0 < C < 1, 
2 -  
Thus C = 1 i s  a b i f u r c a t i o n  p o i n t .  
- _  
then --z$ 2 - . This  corresponds t o  r o t a t i o n .  When C > 1, 0 < - ( C - 1 )  a . 
This  corresponds t o  l i b r a t i o n .  
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Hamil ton-Jacobi Equation: 
Redefine the momenta and coordinates as 
% % %  From now on, p l y  p 
redefinition , 
and $2 will denote p,, p2 and @ 2 .  With this 2 
2 
+ -  p2 + v. H =  p: 
2 2 2(1 + @+ 
Again, assuming the system to be conservative, Hamilton-Jacobi equation will 
be given by 
with 
From Hamilton-Jacobi theory, one finds that 
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This  leads  t o  
1 Q, = t + B  
= aW/aE 
1 
= I d @ ,  [ A  - 7 1 '  B . 
1 +@z 
B~ i s  t o  be determined f rom i n i t i a l  c o n d i t i o n  on @ z ,  
S i m i  1 a r l y ,  
which y i e l d s  
1+ 4; 
Again, B 2  has t o  be determined f rom i n i t i a l  c o n d i t i o n  on Q 1 .  
I n  terms o f  C = B/A, one ob ta ins  
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Eva1 u a t i  on o f  i n t e g r a l  s : 
I f  one makes a change of va r iab le  f rom $ z  t o  e w i t h  $ z  = c o t  e, t h e  
f i r s t  i n t e g r a l  reduces t o  
where 
2 k = C  
2 5  A = [l - C s i n  e l  
and 
F = E l l i p t i c a l  i n t e g r a l  o f  f i r s t  k i n d  
E = E l l i p t i c a l  i n t e g r a l  o f  second k ind .  
The second i n t e g r a l  can s i m i l a r l y  be evaluated t o  -F(e,k) .  
Th is  completes t h e  s o l u t i o n  o f  t h e  equat ion o f  mot ion o f  system. 
Th is  can be 
With 
t h e  eva lua t i on  of these i n t e g r a l s ,  one can o b t a i n  t ( $ 2 ) .  
i n v e r t e d  t o  g i v e  $ 2 ( t ) .  
second i n t e g r a l .  
Once Q 2 ( t )  i s  known, $ , ( t )  can be ob ta ined f rom 
Use o f  MACSYMA: 
The MACSYMA 
on t h e  f o l  low ing  
program which obta ins t h e  Hamil ton-Jacobi  equat ion  i s  shown 
pages. I n  i i g u r e  3, $ z  i s  shown as a f u n c t i o n  o f  t ime  t. 
To eva lua te  t h e  i n t e g r a l s ,  f i r s t  SMP was used. But i n  do ing  so, some 
ser ious  e r r o r s  i n  t h e  e l l i p t i c a l  func t ions  e v a l u a t i o n  programs o f  SMP were 
discovered. I n fe rence  Corpora t ion  was in formed t h i s .  SMP has now co r rec ted  
these e r r o r s .  
f unc t i ons ,  t h e  subrout ines MMLINF, MMLIND and MMLINJ o f  IMSL were u t i l i z e d .  
Since SMP cou ld  n o t  be used t o  eva lua te  t h e  e l l i p t i c a l  
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FIGURES : 
Fig .  1 .  S i n g l e  l i n k  pe rpend icu la r  robot  arm. 
o f  f i r s t  arm and $ 2  i s  the angle  o f  r o t a t i o n  o f  second arm. 
4 ,  i s  the a n g l e  o f  r o t a t i o n  
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Z 
J 
z2 
-. 
cm, Rod 2 
I'" Rod 1 h2 
+ y1 
F i g .  2 .  F i x e d  and r o t a t i n g  c o - o r d i n a t e  systems X , Y I Z l  and X2Y2Z2 and other 
d e t a i l s  used  i n  ana ly t ic  treatment. 
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3 . 0 0  
2 . 0 0  
F i g .  3 .  Analytical solution o f  H-J equation w i t h  i n i t i a l  conditions: 
@l(0) = 0, @2(0)  = 0,  p l ( 0 )  = 1 ,  p2(0) = 1 ,  and V = 1 .  
y axis represents $* ( i n  dimensionless form) as a function 
of time, and x axis represents time i n  seconds. 
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NASA LaRC, Hampton, VA,  March 1385 
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A. Punjabi and J .  B i v i n s  
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A b s t r a c t s  of these papers  a r e  shown on fo l lowing  pages.  
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KINEMATICS OF ROBOT ARM USING MACSYMA 
A.  Punjabi and d .  Bivins 
Departinent of Mathematics 
Hampton University 
Hampton, Va 23668 
ABST2ACT 
The Hamiltonian of the robot arm shown i n  the accompanying f igure  i s  
given by: 
We obtain the Hamiltonian and attempt t o  solve the Hamilton-dacobi 
equation f o r  the charac te r i s t ic  function F2. 
Poincare surface of section f o r  t h i s  problem. 
the Symbolic Manipulation Programs. Our f ina l  goal i s  the study of 
nonlinear dynamical phenomena arising in t h i s  system. 
We also attempt t o  get the 
All t h i s  i s  done u s i n g  one of 
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1 
SOLUTION OF THE HAMILTON-JACOB1 EQUATION FOR SINGLE L I N K  ROBOT ARM USING 
SYMBOLIC MANIPULATION LANGUAGES 
Alkesh Punjabi and James B i v i n s  
Department o f  Mathematics 
Hampton U n i v e r s i t y  
Hampton, VA 23668 
F i r s t  t h e  Lagrangian L f o r  s i n g l e  l i n k  robo t  arm i s  s e t  up i n  t h e  f i x e d  
system' o f  coord inates.  
o f  mot ion are obtained. Hamilton-Jacobi equat ion f o r  t h e  c h a r a c t e r i s t i c  
f u n c t i o n  W i s  se t  up. H-J equat ion i s  so lved i n  c losed form. A l l  these 
steps are done us ing  t h e  symbolic manipulat ion languages MACSYMA and SMP. 
(Supported by NASA under MACSYMA p ro jec t .  ) 
Then t h e  Hamiltonian H and t h e  Hami l ton 's  equat ion 
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